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Abstract
The fixed point theory of set-valued contractions which was initiated by Nadler [S.B. Nadler Jr., Multi-
valued contraction mappings, Pacific J. Math. 30 (1969) 475–488] was developed in different directions
by many authors, in particular, by [S. Reich, Fixed points of contractive functions, Boll. Unione Mat. Ital.
5 (1972) 26–42; N. Mizoguchi, W. Takahashi, Fixed point theorems for multivalued mappings on com-
plete metric spaces, J. Math. Anal. Appl. 141 (1989) 177–188; Y. Feng, S. Liu, Fixed point theorems
for multi-valued contractive mappings and multi-valued Caristi type mappings, J. Math. Anal. Appl. 317
(2006) 103–112]. In the present paper, the concept of contraction for set-valued maps in metric spaces is
introduced and the conditions guaranteeing the existence of a fixed point for such a contraction are estab-
lished. One of our results essentially generalizes the Nadler and Feng–Liu theorems and is different from
the Mizoguchi–Takahashi result. The second result is different from the Reich and Mizoguchi–Takahashi
results. The method used in the proofs of our results is inspired by Mizoguchi–Takahashi and Feng–Liu’s
ideas. Comparisons and examples are given.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let (M,d) be a metric space. Let N(M) denote a collection of all nonempty subsets of M ,
C(M) a collection of all nonempty closed subsets of M , CB(M) a collection of all non-
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of M .
For A,B ∈ C(M), let
H(A,B) = max
{
sup
x∈B
d(x,A), sup
y∈A
d(y,B)
}
,
where d(x,A) = infy∈A d(x, y). A map H is called Hausdorff metric induced by d .
An element x ∈ M is said to be a fixed point of a set-valued map T :M → N(M), if x ∈ T x.
Denote Fix(T ) = {x ∈ M: x ∈ T x}.
A map f :M → R is called lower semi-continuous, if for any sequence {xn} in M and x ∈ M
such that xn → x, we have f (x) lim infn→∞ f (xn).
Let T :M → N(M). For b ∈ (0,1] and x ∈ M , we denote
I xb =
{
y ∈ T x: bd(x, y) d(x,T x)}.
The numerous generalizations of the Banach Contraction Principle [1] for single-valued maps
were given by many authors. Investigations of the existence of fixed points of set-valued contrac-
tions in metric spaces were initiated by S.B. Nadler. He proved the following important result:
Theorem 1.1. (Nadler [4]) Let (M,d) be a complete metric space and let T :M → CB(M).
Assume that
∃c∈[0,1) ∀x,y∈M
{
H(T x,T y) cd(x, y)
}
. (1)
Then T has a fixed point.
Next, S. Reich established the following
Theorem 1.2. (Reich [5]) Let (M,d) be a complete metric space and let T :M → K(M). Assume
that there exists a map ϕ : (0,∞) → [0,1) such that
∀t∈(0,∞)
{
lim sup
r→t+
ϕ(r) < 1
}
and
∀x,y∈M,x =y
{
H(T x,T y) ϕ
(
d(x, y)
)
d(x, y)
}
.
Then T has a fixed point.
In [6] Reich posed the question if the above theorem is also true for the map T :M → CB(M).
The affirmative answer under the hypothesis of lim supr→t+ ϕ(r) < 1 for each t ∈ [0,∞) was
given by N. Mizoguchi and W. Takahashi in [3]. They proved the following theorem which
additionally is more general than the Nadler’s theorem.
Theorem 1.3. (Mizoguchi, Takahashi [3]) Let (M,d) be a complete metric space and let
T :M → CB(M). Assume that there exists a map ϕ : (0,∞) → [0,1) such that
∀t∈[0,∞)
{
lim sup
r→t+
ϕ(r) < 1
}
and
∀x,y∈M,x =y
{
H(T x,T y) ϕ
(
d(x, y)
)
d(x, y)
}
.
Then T has a fixed point.
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been recently obtained by Y. Feng and S. Liu. They proved a theorem which we may read as
follows:
Theorem 1.4. (Feng, Liu [2]) Let (M,d) be a complete metric space and let T :M → C(M).
Assume that the following conditions hold:
(i) the map f :M → R defined by f (x) = d(x,T x), x ∈ M , is lower semi-continuous;
(ii) ∃b,c∈(0,1), c<b ∀x∈M ∃y∈Ixb {d(y,T y) cd(x, y)}.
Then T has a fixed point.
In the present paper, the concept of a new contraction for set-valued maps in metric spaces is
introduced and two fixed point theorems for a such contraction are established. Our first result
(see Theorem 2.1) essentially generalizes the Nadler (Theorem 1.1) and Feng–Liu (Theorem 1.4),
and is different from the Mizoguchi–Takahashi (Theorem 1.3). The second result (see Theo-
rem 2.2) is different from the Reich (Theorem 1.2) and Mizoguchi–Takahashi (Theorem 1.3).
The method used in the proofs of our results is inspired by Mizoguchi–Takahashi and Feng–
Liu’s ideas. Comparisons and examples are given (see Section 3).
2. The results
Theorem 2.1. Let (M,d) be a complete metric space and let T :M → C(M). Assume that the
following conditions hold:
(i) the map f :M → R defined by f (x) = d(x,T x), x ∈ M , is lower semi-continuous;
(ii) there exist b ∈ (0,1) and ϕ : [0,∞) → [0, b) such that
∀t∈[0,∞)
{
lim sup
r→t+
ϕ(r) < b
}
(2)
and
∀x∈M ∃y∈Ixb
{
d(y,T y) ϕ
(
d(x, y)
)
d(x, y)
}
.
Then T has a fixed point.
Proof. Suppose that T has no fixed point, so d(x,T x) > 0 for each x ∈ M . Due to T x ∈ C(M),
x ∈ M , we have
∀b∈(0,1) ∀x∈M ∃y∈T x
{
y ∈ I xb
}
.
If y = x then x ∈ T x, which is a contradiction. Hence
∀b∈(0,1) ∀x∈M ∃y∈T x
{
y = x ∧ bd(x, y) d(x,T x)}. (3)
Let, in the sequel, b and ϕ be such as in condition (ii).
Let x1 ∈ M be arbitrary and fixed. By (3) and (ii), there exists x2 ∈ T x1, x2 = x1, satisfying
bd(x1, x2) d(x1, T x1) (4)
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d(x2, T x2) ϕ
(
d(x1, x2)
)
d(x1, x2) and ϕ
(
d(x1, x2)
)
< b. (5)
From (4) and (5)
d(x1, T x1) − d(x2, T x2) bd(x1, x2) − ϕ
(
d(x1, x2)
)
d(x1, x2)

[
b − ϕ(d(x1, x2))]d(x1, x2) > 0.
Further, for x2, there exists x3 ∈ T x2, x3 = x2, such that
bd(x2, x3) d(x2, T x2) (6)
and
d(x3, T x3) ϕ
(
d(x2, x3)
)
d(x2, x3) and ϕ
(
d(x2, x3)
)
< b. (7)
By (6) and (7),
d(x2, T x2) − d(x3, T x3) bd(x2, x3) − ϕ
(
d(x2, x3)
)
d(x2, x3)
= [b − ϕ(d(x2, x3))]d(x2, x3) > 0.
Furthermore, from (6) and (5), we have
d(x2, x3)
1
b
d(x2, T x2)
1
b
ϕ
(
d(x1, x2)
)
d(x1, x2) < d(x1, x2).
Inductively, for xn, n > 1, there exists xn+1 ∈ T xn, xn+1 = xn, satisfying
bd(xn, xn+1) d(xn,T xn) (8)
and
d(xn+1, T xn+1) ϕ
(
d(xn, xn+1)
)
d(xn, xn+1) and ϕ
(
d(xn, xn+1)
)
< b. (9)
By (8) and (9),
d(xn,T xn) − d(xn+1, T xn+1) bd(xn, xn+1) − ϕ
(
d(xn, xn+1)
)
d(xn, xn+1)
= [b − ϕ(d(xn, xn+1))]d(xn, xn+1) > 0 (10)
and
d(xn, xn+1) < d(xn−1, xn). (11)
From (10) and (11) it follows that the sequences {d(xn,T xn)} and {d(xn, xn+1)} are decreasing,
thus convergent.
Now, from (2) there exists q ∈ [0, b) such that
lim sup
n→∞
ϕ
(
d(xn, xn+1)
)= q.
Therefore, for any b0 ∈ (q, b), there exists n0 ∈ N such that
ϕ
(
d(xn, xn+1)
)
< b0 for all n > n0. (12)
Consequently, from (10), we have
d(xn,T xn) − d(xn+1, T xn+1) αd(xn, xn+1), (13)
where α = b − b0 and n > n0. Moreover, by (9), (8) and (12), for n > n0, we have
136 D. Klim, D. Wardowski / J. Math. Anal. Appl. 334 (2007) 132–139d(xn+1, T xn+1) ϕ
(
d(xn, xn+1)
)
d(xn, xn+1)
ϕ(d(xn, xn+1))
b
d(xn, T xn)
 · · · ϕ(d(xn, xn+1)) · . . . · ϕ(d(x1, x2))
bn
d(x1, T x1)
= ϕ(d(xn, xn+1)) · . . . · ϕ(d(xn0+1, xn0+2))
bn−n0
× ϕ(d(xn0, xn0+1)) · . . . · ϕ(d(x1, x2))
bn0
d(x1, T x1)
<
(
b0
b
)n−n0 ϕ(d(xn0, xn0+1)) · . . . · ϕ(d(x1, x2))
bn0
d(x1, T x1).
Obviously, limn→∞(b0/b)n−n0 = 0, since b0 < b. This gives
lim
n→∞d(xn,T xn) = 0. (14)
Let m > n > n0. By (13), we have
d(xm,xn)
m−1∑
j=n
d(xj , xj+1)
1
α
m−1∑
j=n
(
d(xj , T xj ) − d(xj+1, T xj+1)
)
= 1
α
(
d(xn,T xn) − d(xm,T xm)
)
.
Hence and from (14), we get {xn} is a Cauchy sequence. Consequently, there exists x0 ∈ M such
that xn → x0 and, by (i), we obtain
0 d(x0, T x0) lim inf
n→∞ d(xn,T xn) = 0.
The closedness of T x0 implies x0 ∈ T x0, which contradicts T has no fixed point. 
Theorem 2.2. Let (M,d) be a complete metric space and let T :M → K(M). Assume that the
following conditions hold:
(i) the map f :M → R defined by f (x) = d(x,T x), x ∈ M , is lower semi-continuous;
(i) there exists ϕ : [0,∞) → [0,1) such that
∀t∈[0,∞)
{
lim sup
r→t+
ϕ(r) < 1
}
(15)
and
∀x∈M ∃y∈Ix1
{
d(y,T y) ϕ
(
d(x, y)
)
d(x, y)
}
.
Then T has a fixed point.
Proof. Suppose that T has no fixed point, so d(x,T x) > 0 for each x ∈ M . Due to T x ∈ K(M),
x ∈ M , we have
∀x∈M ∃y∈T x
{
y ∈ I x1
}
.
If y = x then x ∈ T x, which is a contradiction. Hence
∀x∈M ∃y∈T x
{
y = x ∧ d(x, y) = d(x,T x)}. (16)
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analogous method like in the proof of Theorem 2.1, we obtain the existence of a Cauchy se-
quence {xn} such that xn+1 ∈ T xn, xn+1 = xn, satisfying
d(xn, xn+1) = d(xn,T xn) (17)
and
d(xn+1, T xn+1) ϕ
(
d(xn, xn+1)
)
d(xn, xn+1) and ϕ
(
d(xn, xn+1)
)
< 1. (18)
Consequently, there exists x0 ∈ M such that xn → x0 and, by (i), we obtain
0 d(x0, T x0) lim inf
n→∞ d(xn,T xn) = 0.
The closedness of T x0 implies x0 ∈ T x0, which contradicts T has no fixed point. 
3. Comparisons and examples
Theorem 2.1 essentially generalizes Theorem 1.4. Indeed, if we consider a constant map
ϕ = c, c ∈ (0, b), then the assumptions of Theorem 2.1 are satisfied.
On the other hand, there exists a map which satisfies the assumptions of Theorem 2.1 but does
not satisfy the assumptions of Theorem 1.4.
Example 3.1. Let M = [0,1] and d :M × M → R be a standard metric. Let T :M → C(M) be
such that
T (x) =
{ { 12x2}, for x ∈ [0, 1532 ) ∪ ( 1532 ,1],
{ 1796 , 14 }, for x = 1532 ,
let b = 3/4 and let ϕ : [0,∞) → [0, b) be of the form
ϕ(t) =
⎧⎪⎨
⎪⎩
3
2 t, for t ∈ [0, 724 ) ∪ ( 724 , 12 ),
425
768 , for t = 724 ,
1
2 , for t ∈ [ 12 ,∞).
Since
f (x) = d(x,T x) =
{
x − 12x2, for x ∈ [0, 1532 ) ∪ ( 1532 ,1],
7
32 , for x = 1532 ,
thus the map f is lower semi-continuous. Moreover, for each x ∈ [0, 1532 )∪ ( 1532 ,1] and y = 1/2x2
we have
bd(x, y) d(x,T x) (19)
and
d(y,T y) ϕ
(
d(x, y)
)
d(x, y). (20)
Of course inequalities (19) and (20) also hold in the case x = 15/32 and y = 17/96. Therefore,
all assumptions of Theorem 2.1 are satisfied and Fix(T ) = {0}.
Next, let us observe, that if b ∈ (0,3/4] and c ∈ (0,1) is such that c < b, then, for x = 1, we
have y = 1/2 and, consequently
d
(
1
, T
(
1
))
= 3 > cd
(
1,
1
)
.2 2 8 2
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Thus, in the case y = 17/96, we obtain
bd
(
15
32
,
17
96
)
> d
(
15
32
, T
(
15
32
))
,
and, in the case y = 1/4, we have
d
(
1
4
, T
(
1
4
))
> cd
(
15
32
,
1
4
)
.
Therefore, the assumptions of Theorem 1.4 are not satisfied.
Theorem 2.2 is different from Theorems 1.2 and 1.3 since there exists a map which satisfies
the assumptions of Theorem 2.2 but does not satisfy the assumptions of Theorems 1.2 and 1.3.
Example 3.2. Let M = [0,1] and d :M × M → R be a standard metric. Let T :M → C(M) be
such that
T (x) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
{0}, for x = 0,
{ 12x2,1}, for x ∈ (0, 14 ],
{ 12x2}, for x ∈ ( 14 ,1),
{ 12 ,1}, for x = 1,
let b = 3/4 and let ϕ : [0,∞) → [0, b) be of the form
ϕ(t) =
{ 3
2 t, for t ∈ [0, 12 ),
0, for t ∈ [ 12 ,∞).
Since
f (x) = d(x,T x) =
{
x − 12x2, for x ∈ [0,1),
0, for x = 1,
thus the map f is lower semi-continuous. Moreover, for each x ∈ [0,1), there exists y = (1/2)x2
such that
bd(x, y) d(x,T x) (21)
and
d(y,T y) 3
2
d(x, y)d(x, y) = ϕ(d(x, y))d(x, y). (22)
Of course, inequalities (21) and (22) also hold in the case when x = y = 1. Therefore, all the
assumptions of Theorem 2.1 are satisfied and Fix(T ) = {0,1}. It is easy to see that all the as-
sumptions of Theorem 2.2 are also satisfied.
Let us observe, that a map T does not satisfy the assumptions of Theorems 1.2 and 1.3. Indeed,
for x = 0 and y = 1 we have
H
(
T (0), T (1)
)= H({0},{1
2
,1
})
= 1 > ϕ(d(0,1))d(0,1),
for any map ϕ : (0,∞) → [0,1) satisfying the condition of both theorems. Hence Theorems 2.1
and 2.2 are different from Theorem 1.3. Moreover, Theorem 2.2 is also different from Theo-
rem 1.2.
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